Abstract. To reveal the mysterious and still controversial mechanism of high ionization efficiency during helicon discharges, this work focuses particularly on the role of second-order derivative in radial density profile, both analytical and numerically. It is found that: (i) the radially localized potential well that plays a critical role in resonance power absorption from antenna to plasma is localized where the secondorder derivative vanishes, (ii) the power absorption increases for positive secondorder derivative, decreases for negative second-order derivative, and maximizes where second-order derivative becomes zero, (iii) the power absorption decreases near plasma core and increases near plasma edge when the radial location of vanishing secondorder derivative moves outwards, which is also a process of Trivelpiece-Gould mode overwhelming helicon mode. These findings can be very interesting for helicon plasma applications that require certain power distribution or heat flux configuration, e. g. material processing, which can be controlled by adjusting the profile and zero-crossing location of second-order radial density gradient.
Background
Helicon wave is a bounded whistler mode propagating in magnetized plasma cylinders and with frequency between the ion and electron cyclotron frequencies. [1, 2, 3] It can generate discharge with remarkable plasma density and ionization efficiency, which are much higher than those of inductively and capacitively coupled plasma discharges with similar power input, and therefore attracts great interests from many fields. These include, to name a few, plasma rocket propulsion, [4, 5, 6, 7] plasma source for magnetic fusion studies, [8] Alfvén wave propagation, [9] radio-frequency current drive, [10] laser plasma sources, [11] semiconductor processing, electrodeless beam sources, and laser accelerators. [12] However, the underlying mechanism of this surprising ionization efficiency has not yet been fully explained, although two hypotheses are very promising: (i) mode conversion between quasi-electrostatic Trivelpiece-Gould (TG) mode near plasma edge and electromagnetic helicon mode across the whole plasma volume, [13] (ii) radially localized potential well that caused by plasma density gradient (surfacetype helicon mode) yielding resonant absorption of radio-frequency power. [14] Recently, it was supposed that the existence of positive second-order derivative in the radial density configuration promotes the power absorption near plasma core, [15] but detailed physical study has been missing. This paper explores this gap and treats the role of second-order radial density gradient both analytically and numerically during the procedure of helicon power absorption. It will show that the power absorption increases for positive second-order derivative, decreases for negative second-order derivative, and maximizes where the second-order derivative vanishes; moreover, the radial location of zero-crossing second-order derivative determines the spatial distribution of power absorption, which can be of great practical interest. The paper is organized as follows: Sec. 2 describes our theoretical analysis from the governing wave equations and based on three-parameter plasma density function, Sec. 3 introduces the employed numerical scheme and conditions, Sec. 4 and Sec. 5 present the computed results and physical discussions, and Sec. 6 summarizes this work with comments for future research.
Theoretical analysis
In a right-hand cylindrical coordinate system of (r, θ, z) with perturbation in form of exp[i(kz + mθ − ωt)], the wave equations for helicon mode and TG mode propagating in non-uniform plasma can be written in form of wave electric field E as: [14] 1 r
respectively, with ω the wave frequency, m the azimuthal mode number, k the axial mode number, and c = 1/ √ ǫ 0 µ 0 the speed of light. Here, E * is a new function E * = E z − (kr/m)E θ measuring the radial component of perturbed magnetic field through H r = (mc/ωr)E * , and can be replaced by an algebraic relationship
for ε ≪ g and sufficiently smooth radial scale of E z − E * . Parameters ε, g and η are the components of standard cold-plasma dielectric tensor, and can be expressed in forms of:
with the subscript α labelling particle species (ion and electron), ω cα = q α B 0 /m α the cyclotron frequency, and ω pα = n α (r)q 2 α /ǫ 0 m α the plasma frequency. We can see that all these three components depend on the zero-order plasma density n α (r), and since ε ≪ g for most helicon discharges the radial density gradient that effects the mode structure and eventually the power absorption is mainly through ∂g/∂r term in Eqs. (1) (2) (3) . As stated previously, the radial density gradient involves a surface-type mode, which is actually a new helicon mode coupled to space charge effects from electron E × B drift in non-uniform plasma. [14] The corresponding perturbed "surface" current is localized around the peak of E * (r) and distinguishes the power absorption mechanism from other hypotheses. [14, 16, 17] Please note that the maximum of E * (r) corresponds to n ′′ (r) = 0 for smooth density distributions, therefore, the second-order derivative of radial density profile deserves particular attention as being focused in the present work.
To calculate the second-order radial density gradient, we consider a three-parameter (f a , s, t) function of the form
which could describe various helicon plasma configurations such as uniform, parabolic, linear and Gaussian. Please note that this three-parameter function is incorporated into the HELIC code that will be employed in the following sections. Here, n 0 labels the on-axis density, n * (r) represents the normalized density profile, a is the plasma radius, f a stands for the normalized density at edge n * (a), and s and t are adjusting parameters. It is then straightforward to derive the first-order and second-order derivatives of n * (r):
For positive s and t, the sign of n ′′ * (r) is determined by the sign of last square bracket, which can be then set to zero with the replacement of ξ
to find constraint relations in the space of (r; f a , s, t) for n ′′ * (r) = 0. We will show later that n ′′ * (r) = 0 is correlated with the maximum power absorption, and the radial location of n ′′ * (r) = 0 determines the radial power distribution. Therefore, this constraint can be very useful for adjusting (r; f a , s, t) to find required n ′′ * (r) = 0. As an illustration, we visualize the constraint in Fig. 1 , which is also a reference for following sections. 
Numerical computation
We utilize the well-known HELIC code to compute the wave field and power absorption for different plasma configurations. HELIC is a C++ program developed by Donald Arnush and Francis Chen in the 1990s for designing efficient radio-frequency plasma sources and interpreting experimental data. [18, 19, 20 ] The underlying theoretical model consists of Maxwell's equations, which can be manipulated into four coupled first-order differential equations for the Fourier transformed variables: [20] 
Here, B is wave magnetic field, k 0 = ω/c and a phenomenological collision frequency ν has been introduced to the dielectric elements to resolve the electron-neutral and electron-ion collisions:
This collision frequency depends on electron temperature T e and varies with radius for non-uniform radial density profiles. In principle, the HELIC code can include any number of ion species and displacement current, although a single species of singly charged ions is considered throughout this paper. Through a standard subroutine, the code solves E and B from Eqs. (9) (10) (11) (12) for different values of k, while the m is fixed for each time of running, and we can further compute the current density j and power absorption P (r, z) based on the solved E and B.
A schematic of the computational domain is drawn in Fig. 2 . The formed plasma is contained by a cylindrical quartz tube, which is insulated from the outer cavity wall by vacuum area. The radius of the cavity wall is R where the tangential components of wave electric field vanishes due to conducting boundary conditions assumed. A halfturn helical antenna, driven by radio-frequency power supply, wraps around the middle of quartz tube and sustains the plasma discharge inside. The length and radius of this antenna are L A and R A , respectively, and the thickness is assumed to be zero so that only a current sheet is considered in the HELIC computations. To eliminate the reflection from axial endplates, the domain is assumed to be infinitely long, although the actual length of −0.63 ≤ z ≤ 0.63 (m) is considered, and computations are limited to the spectral range of 5 ≤ k ≤ 50 (1/m) for the conditions employed. Specific parameters are listed in Tab. 1, which are typical measurements in various helicon discharge experiments. [21, 22, 23, 24, 25] We assume that the plasma has no axial structure, to focus on the effect of radial density gradient on helicon power absorption, and only considers the original Spitzer collision frequency for simplicity.
4. Radial profile of n ′′ * (r) Figure 3 shows the employed radial profiles of plasma density, which are constructed based on the three-parameter function given in Eq. 5, and the corresponding secondorder derivatives. These profiles are typical for present study: Profile-I (f a = 0.01, s = 0.5, t = 2) shows positive and monotonously decreasing n ′′ * (r), Profile-II (f a = 0.01, s = Figure 3 . Radial profiles of normalized plasma density n * (r) and its second-order derivative n ′′ * (r) constructed for HELIC computations: I (f a = 0.01, s = 0.5, t = 2), II (f a = 0.01, s = 1, t = 2), III (f a = 0.01, s = 2, t = 2), IV (f a = 0.01, s = 10, t = 2).
directions are shown in Fig. 4 . Please note here that: P r is the relative absorption at each radius, integrated from Z min to Z max ; P z is the relative absorption at each z, integrated over the plasma cross section; the "relative" phrase refers to the antenna current of 1 A. The ratio of core (r = 0.007 m) to edge (r = 0.047 m) power absorption in radial direction and the peak magnitude of power absorption in axial direction are also plotted as inset figures. We can see that, as the second-order derivative of radial density profile descends from positive to negative values, the ratio of power absorption near core to that near edge largely decreases, although the positive and constant second-order derivative seems yield a maximum ratio. This is consistent with a previous study claiming that the existence of positive second-order derivative in radial density profile results in more power absorbed near plasma core. [15] Moreover, the peak and total power absorption (computed by integrating E · J over the plasma volume) increases. This implies that the core heating is less dominant than edge heating in the sense of global power absorption, or alternatively edge heating is necessary for high-efficiency helicon discharge. Since the radial power absorption maximizes near r = 0.007 m and r = 0.047 m, as shown in Fig. 4(a) , we scan the second-order density gradient at these two radial locations as a function of s, while f a = 0.01 and t = 2 are remained, and further divide the plot into three areas: (A) monotonously increasing and always positive, (B) monotonously decreasing from positive to negative, (C) monotonously increasing but always negative. Then we visualize the dependence of relative power absorption as a function of n ′′ * (0.007) and n ′′ * (0.047) in these three areas. As shown in Fig. 5 and Fig. 6 , respectively, the power absorption increases with positive and growing n ′′ * (0.007) and n ′′ * (0.047) (A-area), and decreases with negative and growing n ′′ * (0.007) and n ′′ * (0.047) (C-area). Interestingly, for the second-order density gradient descending from positive to negative values (B-area), the power absorption increases with positive and dropping n ′′ * (0.007) and n ′′ * (0.047) till a maximum and then decreases with negative and dropping n ′′ * (0.007) and n ′′ * (0.047). The maximum power absorptions occur near n ′′ * (0.007) = 0 and n ′′ * (0.047) = 0, respectively. Please note that the x-coordinates in Fig. 5(c) and Fig. 6(c) are from right to left referring to the x-coordinates in Fig. 5(a) and Fig. 6(a) . But overall the relative power absorption increases for positive n ′′ * (r) whereas decreases for negative n ′′ * (r), regardless of n ′′ * (r) growing or dropping, and it maximizes near n ′′ * (r) = 0. This is consistent with our analysis in Sec. 2 that the perturbed "surface" current is localized around the peak of E * (r) where n ′′ * (r) = 0 so that the power absorption also maximizes there. Similarly, we make use of f a = 0.01 and s = 2 and vary t. The trend of relative power absorption growing with positive n ′′ * (r) but dropping with negative n ′′ * (r) is observed again, together with the maximum power absorption occurred near n ′′ * (r) = 0. This means that the sign of second-order derivative in radial density profile is indeed very important for helicon power absorption, especially the zero-crossing point.
Radial location of n ′′ * (r) = 0
Given that the power absorption maximizes near n ′′ * (r) = 0, it is then straightforward and necessary to study the influence of radial location of n ′′ * (r) = 0 on the radial power distribution. By varying the density-control parameters of s, t and f a , we found there mainly exist three types of radial density configurations that have zero-crossing point of n ′′ * (r) = 0. These typical profiles of n ′′ * (r) are shown in the left figures of Fig. 7 : a 1 for (s, t) = (0.9, 0.5), a 2 for (s, t) = (0.5, 0.5), a 3 for (s, t) = (0.5, 0.9); b 1 for (s, t) = (2, 25), b 2 for (s, t) = (2, 4.5), b 3 for (s, t) = (2, 2.5); c 1 for (s, t) = (2.5, 10), c 2 for (s, t) = (3.5, 10), c 3 for (s, t) = (6.5, 10), with f a fixed to 0.01. The corresponding power absorption in radial direction is illustrated by the right figures of Fig. 7 . We can see that for all these density profiles constructed, as the radial location of n ′′ * (r) = 0 moves outwards, the power absorption decreases near plasma core but increases near plasma edge, which also implies that the TG mode becomes stronger than helicon mode during this trend. This can be experimentally very important in the sense that the radial power absorption can be controlled by adjusting the radial location of n ′′ * (r) = 0, and is of practical interest for applying helicon source to plasma-material processing, for example, which requires certain distribution of heat flux.
Summary
This work follows a previous finding that the existence of positive second-order derivative in radial density profile can promote the radio-frequency power absorption near plasma core, and studies the role of second-order radial density gradient detailedly during helicon power absorption. Through theoretical analysis, we found that the perturbed "surface" current, which plays a critical role in resonance power absorption from antenna to plasma, is localized where the second-order radial density gradient vanishes, and obtained a constraint relation to find this vanishing gradient based on a three-parameter density function. Employing the well-benchmarked HELIC code, we computed the relative power absorption in both radial and axial directions for typical secondorder density gradients in radius: positive and monotonously decreasing, positive and Figure 7 . Variations of the radial location of n ′′ * (r) = 0 (left) and the corresponding radial profiles of power absorption (right): a 1 for (s, t) = (0.9, 0.5), a 2 for (s, t) = (0.5, 0.5), a 3 for (s, t) = (0.5, 0.9); b 1 for (s, t) = (2, 25), b 2 for (s, t) = (2, 4.5), b 3 for (s, t) = (2, 2.5); c 1 for (s, t) = (2.5, 10), c 2 for (s, t) = (3.5, 10), c 3 for (s, t) = (6.5, 10), with f a fixed to 0.01.
constant, monotonously increasing from negative to positive, and non-monotonic and mostly negative. It is found that the relative power absorption increases for positive second-order derivative, decreases for negative second-order derivative, and maximizes where second-order derivative becomes zero. Moreover, we studied the effect of radial location of vanishing second-order derivative on the radial power distribution, and found that the power absorption decreases near plasma core and increases near plasma edge when this radial location moves outwards, a process of TG mode overwhelming helicon mode. This finding is very useful for certain plasma applications which require particular power distribution or heat flux configuration that can be achieved by adjusting the radial location of vanishing second-order density gradient. Further research can be devoted to experimentally studying the role of second-order radial density gradient in helicon power absorption for comparison. The required profile and zero-crossing point of this gradient may be accomplished by external magnetic field and certain antenna geometry.
